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PE CUONG ON THI SAU PAI HOC

MON TOAN CAO C AP

PAI SO TUYEN TiNH

CHUONG | — MA TR AN —BINH MUC — HE PHUONG TRINH.

1/ Céac phép toan ma tn:
KH:  AO Mun (R)

A = (a@i])mxn
B = (bij)mxn
A; 8 e a,
Az |8 B e a,,
a‘ml a'm2 amn
A + B = (Cij)mes Cij = aij + bi
AA = (A aij) mxn
a; &
(+) AT (Ma tran chuyn vi) AT = | % %
&, Ay,
+/ Nhan ma #n .
11y (001 2 23
VD:( j 1 01 :( j
2 1 3 4 6 6
1 21

2/ Pinh thic. det ;|A
A= (a ZJ = detA=a.d-Db.c

C
Tinh chét co ban. det AT = det A

(+) T/c 1: Khidoi diu hai hang= dinh thic d6i dau

VDzlj:-z ;3;":2
3 1
(+) T/c 2 : Thra $ chung éa mdt hang c6 th dua ra ngoai 8u dinh thrc.
3 6 9 1 2 3
VD: |4 4 8 =3x4x2 :1 1 2
0 2 01 2
(+) T/c 3:Pinh thic c6 hai hangstlé = 0: ‘fz )
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1 1 11
-1 1 1=0 2 3
2 3 01

*) Khai ni ém phan phu dai sb:
Cho A = (aij), phan ph dai sb caa pHin tir aij ky higu 1a Alj
Aij=(-1)"  (dpn-1)
Trongdé: Mij dinh thrc cia ma tan cip (n -1) nkin dugc tir A bing cach xo6a ki A

x(-2)

VD:

hangiva 6t j:
12 4
VD:A=|1 -1 0
12 1
_ (a2 L O_ . . 3 _qp k"1
Alz—(l)l.lf‘ 1 ; A (1)12]‘ 3
=(- 6 1 2 = " = (- —-1 = -
Agg—(l).l_]j 3 A (1)2‘2 f‘ 1
*) Khai trién phan phu dai sb (dinh thic).
A = (ai])mxn

det A=Y aijaj (1); i=1n
-1

12 4
VD: A=|1 -1 0

(khai trién theo ham i)

12 1
det A = 1A11 + 2.A12 + 4A13
=1.1+2(-1)+43=9
Or: det A = 1.4, + (-1).Ap, + 4

An= ([ jze; A2=(-1)“\1 jzs

1.6 + (-1).(-3) = 9
detA=1.A1+2.A+ 1.Az3

Asi= ‘fl 4‘:4; AZ:E j:-4
det A=1.4+2.(-4)+(-3)=9

*) detA:Zn:aiinj (2); j=1n
(khai trién theo ham j)

Nguon: Céng ty @ phan Gia Xay Drng 2



www.giaxaydung.vn

det A = 4 A3+ 0. Az + 1.Ag3
=43+(3)=9
det A = 2. A_2+ (-1) A22+ 2A32
Az = (-1) ‘i 3‘: 4
=2.(-1)+(-1)(-3)+2.4=9

1 1 4
VD: 2 0 7| detA=2.A;+0 A+ Axy.7
3 01
_ el 4] e sl
Au= (U, 5 =150 A1 =3

detA=2.(-15)+7 .3=9
detA=1. A_1+ 1. A12+4A13

A= ('1)2 8 IJ: 0; As=(-1)°.

2 8':0;
3

det A= 1.0 +1.(-9) + 4.0 = - 9
« Chuy: Dé tinh nhanhtinh thrc = vin dung céc tinh cft co ban lam xuit
hién t6i da cac 8 O trong ndt hang nét cot dét tinh.
1 -11 1 -11 2

2 742_9
31

Az= ('1)4 :

3 21 |0 -41

1 2 313 |03 2 - -4 -1
VD : - _l-1 6 9=0 8 1 :‘ 1
-2 1 41 0 -16 5 8 10
1 2 1 2 5
-1 2 1 01 25
=-40-(-16).8
= -40 +128 = 88

CHUONG Il: MA TR AN NGHICH PAO

A OM, (R)

Néu LB 0O M, (R) sao cho AB=BA=1In
Al=A (Matrandon vi -~ ma tén vudng det 4, = 1)
IB=B

Nguon: Céng ty @ phan Gia Xay Drng
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&, B, .. &
O a22 a2n
A=|o0 . .. .
o . 2,

Thi : A goi la kha nghich (ngfich dao)
B goi la nghich dao cia A. A™

*) Cac dinh Iy : bicu kién kha nghich
biéu kién can vadu dé A kha nghich : det A2 0.
+) COng thirc tinh ma tn nghch dao :

A A o A
Al=_1 A A, o A,
detA|... ... ... ..
Ar Az o A
_ Chil bY' 1 (d -¢)_ 1 (d -b
y b d/ ad-bcl-b a ad-bcl-c a
VD (1 2} -
3 7

= Al L (T -2 (7T -2
7-61-31 ) (-3 1

(+) Bé tim Ma tén nghch dao dung plrong phap Grauss = cachagiac nghdm hé
phueong trinh.
(A.B)*=(B)" (A"
(AB) . (B*AH =A.(B.BY .A?
=A A'=|
(BT AY).(AB) = |

VD: Cho A:(l 3}; B:(l —1j

1 4 10
Tim X,Y sao cho AX =B (1)
YA=B" (2
(1) AX=B- AT AX=B.A"
- X=B.A?

Alo 1 (4 -3)_(4 -3
4-3-11 ) (-1 1

=X =B. A'1=G ;lﬂfl 1_3j:(i ::j

(2) YA=PB

Nguon: Céng ty @ phan Gia Xay Drng
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L yog At (1 1}(4 —3}2(3 _ZJ
-1 0){-11 -4 3

CHUONG Ill: H ANG CUA MA TR AN

B" :(11 a; YA=BT - YA Al =g A"

1/Pinh nghia .
Cho A = (aijhun

rank (A) = ?
-LamitHtenhén: A=0= rank A=0
Az0
~ it nkit mot phan & OA = 0
12365
VD: |4 1 6 2| = c0 cadinh thrc con.
1110

= A # 0; rank (A) la &p cao nt ciadinh thic con # 0 aia A.

*Chuy: rank A<min{m; n} A0 M pyn (R)

2/ Pé tinh hang cia ma tran ta ding cac phép bén déi so' cip.

+ Nhan nhan @t hang (6t) voi 1 mot s bat ky #0

+ Poi chd hai hang Bt ky

+ Cong vao ndt hang 1 bi caa hang khac.

- Biénddi A =B ma hang aia B c6 ti tinh dugc nhr dinh ngha.

* | Co sb : Cac phép Bin d6i so cap khéng ham thagdi hang aia Ma tén.
VD: Tim rank (A)

111 2 11 1 2
21 31 0 -1 1 -3
A= = =B
5 3 7 4 0 -2 2 -6
1 0 2 -1 0 -1 1 -3

Rank B = 2= rank A = 2.

CHUONG IV: HE PHUONG TRINH TUY EN TiNH
1/Pinh nghia.

aX  toapX, .. gxn = b
(|) X toApX, .. X, = b,
aX +oanX .. a,X, = b,

Nguon: Céng ty @ phan Gia Xay Drng
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a, a, .. a, b,
a21 a22 aZn . ) > A
= A= ,A:{A ; sz (ma tdn mo rong)
o b,
anl a‘mz arm
X b,
x=%|; B="
Xn bm
() «s AX=B
0
NénB=0= |..| AX=0: h thuan nHit .
0

2/ Hé¢ CRAMEK:
a) binh ngha: AX =B (*) ; AUMn (R)
A kha nglich
b) L& k¢ c6 nghém duy nht.
A'AX=A"BoX=A'B

; D =detA #0)
R binh thrc nhin duoc tir A bang cach thayat i bai cot sb tw do bt B.
= D=ab’'-abz0

X, =

o|o

ax+by=c
{a’x+b'y =c'
c b
coled e,
D D ' D’
3/Pinh ly Croneker — Capelli.
Xéthe: AX=B (I)
Néu: rank (A)#rank (A’) =hé vé nghém.
rank (A) = rank (A")= hé co nghé¢m.
(+) RO hon (co6 nghém).
Néu rank(A) = rank(A’) = n § an = hé c6 nghém duy nfat.
rank(A) < n= hé c6 vo $ nghiém.
— Nghiém t6ng quat: Ph thuoc vao n —r Bing $ tay y:
Céach tirong dung= Gauss .
*) Hé qua: (lién quandén hé thuan nht).
(1) He thuan nhat ludn c6 nghdm (it nHit c6 1 nghtm x = 0 nghém tam throng).
(2) Khi nao thi B thuan nhit c6 nghém khéng ém thuong ?
Khi: r (A) <n
(+)Pic biét: Hé c6 $ pheong trinh < 6 an = hé vd $ nghiém

Nguon: Céng ty @ phan Gia Xay Drng



www.giaxaydung.vn
X+y+z+t=0
2Xx-y+z+2t=0
+ He AX = 0 ; AO M, (R) c6 nghém khdng &m throng

vo: |

- detA=0.
X+y+z=0 111 1 0 O
VD: i 2x+y+z=0 detA=2 1 1|=2 1 1 |=3%z0.
3x+2y-z=0 3 2 - 3 -1 -

= hé PT c6 nghdm tam thuong x= 0.

4/ Gia hé bang phwong phép: Gauss.
VD: Gial hé phrong trinh:
X-y+z=0
VD, {2x-y+z=3
X+y+z=4
Ta giai hé bing phrong phap Gauss.
1 -11]2) (1 -1 1|2 1 -1 1
2 -11(3|-|0 1 -1|-1|-|0 1 -1
1 1 1(4) o 2 02 0 2 2

2
=1
4

U
X < N
1
PR N

X—-y+z=2
VD, { 2x-y+2z=3
4x-3y+3z=7
Ta gii hé bang phrong phap Gauss.
1 -1 112 1 -1 112 1 -1 1
2 -1 1|3|-|0 1 -1|-1|/-]0 1 -1
4 -3 3|7 0 1 -1|-1 0 0 O
X 1
— Nghiém tong quat 1a] y |=|c-1
z C
*) Chu y: Ding phrong phap Gauss tim méairnghichdao bang cachiua \ dang
giai n hé phrong trinh c6 cung & phai.
VD Tim Ma téan nghch dao:
111
A=]|01 1
0 01
Gia sr At = (Xg, X2 X3)

Nguon: Céng ty @ phan Gia Xay Drng
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1

1 0O
= (AXy, AXoAX 9)=1={0 1 0
0 01
SAX]_: 0
0

0
1
Ta gii hé bang phrong phap Gauss.

11 1/1!/0}0 1 -1 0
011/0!1'0|= X=|0]l. X=11 |. X&=|-1
01011 0 0 1

. AXo = [1

B - KHONG GIAN VECT O :

| / Pinh nghia va VD:

Al ltap hop V # @ ma tréndd da xay drng 2 phép toan.
+ Phép @ng Vvéc b.
+ phép nhan véo wai so.

- Thoéa man céc tiédé vadiéu kién sau:
- COtinh Bt hop, X + (Y + 2) = (y#X) =z OX,y,z0O V
- Co tinh giao hoan: x+y = y+x; Ox,y OV
-CmoiphantrooV,x+0=x.

) _ _ Da.f0R
a (pX) = Blax) = (@B)x , OV

-0OxOV - CydVv saochox+y®
VD { [R" Tap hop cac 1§ s co ching (% Xo X3 ....%)
NéU X = (% Xo. X3 ....Xn)
y=WY2Ys -Yn)
= XFY = (% V) (% + Yoy + V)

AX = (AXy, AXoevrnnnnn. AXp)
@ = (0,0,....,0)
X = (X - Xo -Xn)

VD, Mnn(R): Tap hop cac ma #én
- Cong ma tan.

- Nhan ma tin V6i 0.

Nguon: Céng ty @ phan Gia Xay Drng
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I/ Kh&i ni ém phu thugc tuyén tinh, ddc 1ap tuyén tinh:(chi xét hé hiru han véci)
+) Pinh nghia.
Hé: B = (b, by.......... bm) OV

I4

Goi 1a phu thupe tuyén tinh réu: phrong trinh sau c6 ngéiin khoéng m theong.

’/] 1b1, Azbg....’ ...... A mbm :ﬂ .
(cach khac :éu Cmoicac ® A4, Ao.......... A m khéngdong thoi = 0 sao cho tha
man (1)
_ x=0
IX=0 - 1o

- Hé khong ph thuoe khi goi 1a doc lap tuyén tinh. ‘
- NO&i cach khac: BB khéngdoc lap tuyen tinh . reu (1) cH c6 nghém tam
thuong.
VD. Xét xem cac vémtsau ph thuoc haydoc lap.
a) h=(11, -1)
k=(2 1, 3) B (b,bz,bs)
b=(1,2, 1)
b) ¢=(1, 2, -1)
G=(21,1) C (¢, ,0)
¢=(3,0, 3)
a) Xét k€ thirc: A b+ A5+ A3b3= ]
A +20,+1,=0
e A +A,+21,=0
-A+34,+4,=0
Hé trén 14 B thudn nhit AX = 0.
1 21 2 1
detA=0 1 2=/0 -1 1/=7=0.
-1 31 |05
Vay hé trén c6 nghim tam thuong 1= 1,=43=0
= H¢ tréndoc lap tuyen tinh.
b) Xét ke thac: 11C1+ 1,C+13C5= ]
A +2A,+34,=0
20, +A,+A, =0
A +A,+31,=0
Hé trén 1a 1§ thudn nhat AX = 0.

1 23 1L 2 3
detA=[2 1 0=/0 -3 -6=0
-11 3 03 6
— Hé trén phu thwc tuyén tinh.

Nguon: Céng ty @ phan Gia Xay Drng 9
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(Ban chit van dg).

1 2 3|0 1 2 310 12 3]0 A\ (c
2 1 0/0/-]|0 -3 -6|{0|-|0 1 2|0|- vOHNghim |4, |=|-2c
-1 1 3|0 0O 3 6|0 0 0 0|0 A, c

NGi cach khac: G2C,+C;=0

[1l/ Khai ni ém khong gian véct con
1) Pinh nghia

Cho V la 1 nit khdéng gian véat

uov;u=zg

Thoéa man:Ox, yO U; x+y ouU

OxU U; A0R; AxOU .

VD: CM tap hop sau la khéng gian vecton:

F ={ (X X2, X3) OR% X Xp, X = O}
Lay X = (% X, X3 OF

y=(.Yy2 Y3 OF; A0R.

X +y =(Xaty1 Xot+ Yo, X3+Ys)
Ta co: (x+yn+(Xo+ Yo)+(Xatys =0

o (Xg+Xot Xg) + (1 +yot Y3 =0

=0+0=0

= X+yOF Twongtr A0F = Flalkhong gian véetcon
2/ Pinh ly
a) Giao ¢a 2 khong gian véotcon:

Gia sr Uy, U, la 2 khéng gian conaa V khido U, giao U la khdng gian véat
con aia V.
b) Binh ly 2.
Cho U, U, 2 khéng gian vémtcon dia V.
Xéttap: U={XOV, X=X +X ;X OU; X O0U, }
La khéng gian vemtcon @a V va @i la tbng aia 2 khong gian Uva U,
U=UrU,
bac bigt: Uy n U, = { O}
= U goi latong tryc tiép : U = U, + U,

IV - S chiéu - oo $H - hé sinh
1.DN sb chiéu ciia khong gian vec &
Khong gian vecd V goi la khdong gian n cleu (dim V =n)
- Trong V Hn tai mot ho n vec tr doc 1ap tuyén tinh
- Ohé 6 véc b > ndéu phy thupe tuyén tinh
(= Ohé cé n + 1déu phu thuoe tuyén tinh)
VD: |R? 1a khong gian 2 ckil.

Nguon: Céng ty @ phan Gia Xay Drng 10



www.giaxaydung.vn

Ale = 10

CM: 2 vémt dltt
A, 16 = (03 & &

Xétpt:Ae.+A e =0
)\1 =0
)\2 =0 PPCM
+ Xét 3 v/t kit ky

A X = (X5X%) ,
Aly = (yuy,) OR
Alz = (z;2)

Xét e phaong trinh: Axx + Ay +Azz =0 (%)
*) {Alxl Ay tA:2, =0
A + Ay, + 4,2, =0
= Hg tuyén tinh thdn nhit c6 $ phueong trinh =2 <& 4n = pt v6 $ n° (n° khdng
tam throng)
= X,y,zdoc 1ap tuyén tinh
Tong quat|R" khéng gian n cldu
2/ oo sbr toa do cliia vec
a) binh ngha
Giasr dmV =n
Khi d6 mbi hé gdm n véc & doc 1ap tuyén tinh
b) Binh ly:
Giast:B=(b, by,....... b,) 1a mdt co s cua V
Khido :voimdi xOV; O11b0 S5 (Xg, Xo ... %)
Saocho:x=M;+X% b+ ... + % b,
Boi s6 NG trén (X, X, .....%,) goi 1 toadd cua véc b x trong © $H
X

— Ky hiéu : [, =|

X

n

Chay:B = ( b, by)

1
= [X]B: 1 = x=1.hQ +1.b+ 4k
4
*Chay: [X+ Y]B = [X]B + [y]B
A [X]B = [/]X]B

3/ Hé sinh - phwong phéap tim $ chiéu caa khéng gian véc &
(hé sinh d@ia khéng gian vemtcon ndi riéng vaia khdng gian vt noi chung)
Gh s : U la khdng gian conia khdéng gian V.

Nguon: Céng ty @ phan Gia Xay Drng 11
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Heé:B=(y, by,....... k) goi la moi hé sinh dia khéng gian U.

Néu : O véc tr caa U déu biéu dién tuyén tinh qua vécotby b, ...,

(DX 0V, X :)\lbl + )\2 b2+ ........... -}\mbm
Pinh ly: Trong khéng gianitu han chiéu mbi co sv 3 1& mot hé sinh

— mdi mot hé sinh doc 1ap tuyén tinh 1a ndt co so .

+) Cha y T dinh Iy trén c6 phong phéap tirong dungdé tim oy s (tim $ an) aia
mét khéng gian cho tréc 1a tim ndt hé sinhdoc 1ap tuyén tinh .
VD: CMR dim[R" =n

Néu xO |R*, - X = (X1, X ,X3) (3 tput do)

© .o
I I
~

o’—\
BB
R

+CM: ke, & ....... e,) la hé sinh
LAy X = (%, X .....%) tay y O |R"
Nhan x.(%, X ..... X)vaolt (e, & ....... e)taco:
X = %€+ X0 &.....%En
= hé sinh
+CM: @,6&....... & doc lap tuyén tinh
A€t A & + A6, = [

N (.S, VI An) =(0,0,....... ,0)
= hé doc lap tuyen tinh.
bPCM dimR" =n.
VD: Trong|R* céc véat a = (1,1,-1,2)
b=(2,1,31) U =z.(ab,c,d)
c=(3,2,7,0) Timdimu="7?
d=(4,3,1,5)
e = (10......... 0)
g/s: | & = @0 D) -~  Co s chinh fic
e, = (00,......1)

Xét: A goi E 1a @ s chinh fic cua |R?
Goi A = [[a]E[b]E[C]E[d]E]

Nguon: Céng ty @ phan Gia Xay Drng
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1 21 4
1 1 3 3 . R
A= 13 71 Ta co: dim U = rank(A)= tim rank (A)
2 1 05
1 2 3 4 1 2 3 4
A:o—1—2—1 0121=B
05 10 5 0000
0 -3 -6 -3 0000
= rank(B) =2- rank (A) =2=dimU =2

V_ - Anh xa tuyén tinh
I/ Pinh ngia )
1/DN cho U,V la 2 khéng gian vée(trénduong $ thuc)
Anh xa F :V - V goi la &nh x tuyén tinh réu thba man
{f(x’y): MO+ oy Du:oAOR.
f(AX) = Af ()
VD: Cho A = (aijhxn
Xét f. R - |R"
X - AX.La1anh xtuyén tinh
Vi f(XY) = A(X +Y) = AX + AY
= f(X) + f(Y)
FAX) = A.(AX) = AAX = Af(X)
Vay = anh x tuyén tinh

R" va |Rm

2/ Tinh clit co ban cia anh % tuyén tinh.
(+) Cho f.U- V la &nh x tuyén tinh
+f(0u)=0v

(Y A%) =Y A(x)
Hé qua: Anh aia mbt ho phu thudce tuyén tinh thi pl thudc tuyén tinh.

VD: cho B = (b1, b,.....h) phu thuoc tuyén tinh
LfB)=  (f(bl), f(b),.....f(by) phu thuoe tuyén tinh

Il - Nhan va anh cia anh xa tuyén tinh
1/ Cho: f: U la &nh x tuyén tinh.
Khi d6: kerf={xOV, f(x)=0 v}gollanhan da axtt.
La khéng gian vémtcon aia U la @i la hat nhan éa anh x f kh: Rer f .
2/ f(A)={yOB| xOA, f(x) =y} goilaanh aaf.

Nguon: Céng ty @ phan Gia Xay Drng 13
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Im f = {y0OV| x O U, f(x) =y} la khdng gian vectcon @ia V va @i la anh

cua f.

dim . ker f + dim Im f = dim U (dim U <o)

VD:chof: [R* - |R?
(X1, X2, X3) = (X1 - X, 2% + X3) (f(X1, X2, Xa) = X1 - Xo, 2% + X3
CMR: f la anh x tuyen tinh, tim ker f, Im f

a) LAy X = (%, X%, Xg) O |R?

y = Yo, ¥a) O |F\’3
X +Y = (Y1 X2 Y, XatYs)
= f(x+y) = [(Xitys) +(Xz2 +Y2); 2.0a+Y1) + (Xa+Ys)]
= ((%a- X2); 2%1+X3) + (Y1 Y2, 2+ V3)
f(x) f(y)

= f(x) +f(y) ,
Tuong tr : f(A X) = Af(x) = f(x) anh x tuyen tinh.
b/ Tim ker f:
X= (%, X, Xs) Okerf < f(x) =0
X —X, =0
- {le +X%X,=0
N° tong quat: (X %2, X3) = (C, C, -2C); CIR.
Vay Ker la kkhoong gian con 1 chi oﬁa|R sinh i véc o (1, 1,1-2)
+ Tim Imf:
- Tac6: dim Ker f +dim Im f = dimR® = 3.

= ptvd $an

dimKef =1=dimimf =2
- 5 } = Imf=|rR

malm flakgconcuaR

Col Goiy =(yn, y2) U Imf

= f(X) =y co6 nghém. hay & sau c6 ngléim
{ X=X = Y3

2% *tY; =Y,

Vay phai tim y;, Y, sao cho &cé nghém

Hé trén 1a 1§ tuyén tinh khéng thén nhat: 2 pt 3an phy thuoc nhau 8 y;, y, c6 ma

tran.
A:(l -1 oj’ A = [1 -1 0 le
2 0 1 2 0 1 vy,
Dé hé c6 nghém, diéu kién 1a: rank(A) = rank(A).
Ta c0: rank(A) = 2; rank(A’) = Zy4,Y»
Nguon: Céng ty @ phan Gia Xay Drng
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= Hé ludn c6 nghdm Oy,y-
= Imf=|rR

BAI T AP:

1/ Trong|R* cho f {(xl,xz,x3,x4)

X, =0
X, —X+X,=0

Cm: f 1a khong gian véwtcon dia [R* tim s chieu va ndt co 6 ciia f
Giai:

Xl
Goi X = | DF«:AX:OVé’iA:(l 00 Oj
X, 10 -11
X4
Y1
Goiy = zz OF « AX=0=AX+Y)=AX+AY=0=X+YOF
3
Y,
AAX)=AAX=A.0=0
AXOF
Vay f la khdng gian vémtcon aia |R*
+)A:(1 00 Oj
10 -11
| = x =0 _ X, =0
X, =Xy = X, X3 = X,
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Rank (B) = 2- rank (A) =2
= dimU =rank A = 2.

Nguon: Céng ty @ phan Gia Xay Drng

16



